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One-Shot Distributed Algorithm for PCA With
RBF Kernels

Fan He™, Kexin Lv"”, Jie Yang

Abstract—This letter proposes a one-shot algorithm for feature-
distributed kernel PCA. Our algorithm is inspired by the dual
relationship between sample-distributed and feature-distributed
scenarios. This interesting relationship makes it possible to es-
tablish distributed kernel PCA for feature-distributed cases from
ideas of distributed PCA in the sample-distributed scenario. In
the theoretical part, we analyze the approximation error for both
linear and RBF kernels. The result suggests that when eigenvalues
decay fast, the proposed algorithm gives high-quality results with
low communication cost. This result is also verified by numerical
experiments, showing the effectiveness of our algorithm in practice.

Index Terms—Distributed data, distributed learning, principal
component analysis, one-shot algorithm, RBF kernels.

1. INTRODUCTION

RINCIPAL Component Analysis (PCA) is a fundamental
I technology in machine learning. For nonlinear tasks, PCA
with given data X € R™*T could be formulated as follows,

max[[w'$(X)]|7 (1

Here ¢(-) : R™ — F is an unknown non-linear mapping and
| - || 7 represents the Frobenius norm. Interestingly, the kernel
trick could be implemented there, resulting in the kernel PCA
(KPCA) [1]-[3]. Specifically, the optimal solution of (1) is w =
?(X)V, where we use V for eigenvectors of the Gram kernel
matrix K £ ($(X), ¢(X)).

Nowadays, distributed algorithms of KPCA are in high de-
mand. Generally, distributed data could be categorized into two
regimes, namely, horizontally and vertically partitioned data [4],
[5]. As shown in Fig. 1, we set features and samples as the
horizontal and vertical axes. Then, when data are partitioned
horizontally, agents contain part of samples with all features;
when data are partitioned vertically, agents contain full samples
but with only a part of features.
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Fig. 1. Categorizations of data partition in distributed setting.

For PCA problems, there are massive researches focusing
on both the horizontal [5]-[7] and the vertical regime [8]-[10].
However, although KPCA is very common in practice, e.g., in
face recognition [11], [12] and process monitoring [13], [14],
applicable distributed algorithms are not much. To the best
of our knowledge, the existing studies on distributed KPCA
are all for the horizontal regime, most of which require multi-
communication rounds; see, e.g., [15]-[17].

In this letter, we aim to develop an one-shot distributed KPCA
algorithm for vertically partitioned data. One-shot schemes
mean to aggregate only once, which are thus communication-
efficient and have been successfully applied in many distributed
tasks, e.g., [18]. The main obstacle in vertical regime is that
we only locally know a part of features. Then it seems that
one cannot estimate the global kernel matrix without heavy
communication. To handle this problem, we fully investigate the
kernel trick that can transfer the primal optimization variables
corresponding to features to dual variables corresponding to
samples. With this idea, we can link KPCA in the vertical regime
to PCA in the horizontal regime and then establish a distributed
KPCA (DKPCA). The proposed DKPCA locally calculates
eigenvectors corresponding to the first D eigenvalues of local
kernel matrices and then sent them to a fusion center, where
they are aggregated to produce the global estimator. Note that
existing distributed PCA cannot be directly applied to KPCA in
the horizontal regime. While the proposed DKPCA is applicable
to both linear and RBF kernels with only one communication
round, such that non-linear features can be efficiently extracted
from complex data now. Theoretical discussions will show
that the approximation error is related to the D-th eigenvalue
of local matrices. When eigenvalues decay fast, DKPCA has
very high-quality results, which is also confirmed by numerical
experiments.

II. DISTRIBUTED KERNEL PCA

A. Preliminaries and Notations

We use regular letters for scalars, capital letters in bold for
matrices, and lowercase letters in bold for vectors. We consider
a distributed setting, where data are partitioned vertically and
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Algorithm 1 One-Shot Distributed Algorithm for Kernel
PCA in the Vertical Partition Regime. (DKPCA)

1:  On local agents, calculate the local kernel matrix K,

Solve the eigenvalue problem on K(7) to obtain Vg)

and lg) and sent them to the fusion center.

2:  On the fusion center, calculate K to approximate K.
- For linear kernel, use (2).
- For RBF kernel, use (3).

3:  Compute the leading D eigenvectors V € RT*P of
the approximate matrix K.

4: Return V.

stored distributedly in J local agents. Such vertical regime are
common in practice, e.g., in wireless sensor networks [19], [20]
and ranking or evaluation systems [21], [22]. Specifically, each
agent j acquires zero-mean data vectors xW) = {xz(»] ) }?:1 S
RMi*T  which are i.id. at time i =1,2,...,7. M; is the
feature dimension of x) and we have Z;-le M; = M. Let
X = [(xM)T(x@)T.. (xNTT € RM*T denote all data
collected by agents, which are not stored together but given for
convenience.

Here we briefly review the KPCA problem, i.e., problem (1),
where PCA is executed in a Reproducing Kernel Hilbert Space
(RKHS) introduced by a reproducing kernel (-, -). The goal of
KPCA is to diagonalize the covariance matrix C = ), ¢(x;) ®
¢(x;)*. However, it is hard to do eigendecomposition on C since
¢ is implicit. Then KPCA turns to solve the dual eigenproblem,
where the eigendecomposition is performed on the Gram kernel

matrix K € RT*T je.,
K, o = k(xp,%xq) =

(0(xp), H(x
rMVe=KVyd=1,....T,

q)>7p7q: ]-7"'3Ta

where V4 € RT*1 is the eigenvector of K corresponding to the
d-th largest eigenvalue 14. Then the d-th eigenvector of C can
be rewritten as wg = ¢(X)V 4. Such kernel trick sidesteps the
problem of computing unknown ¢(-) and moreover, it makes
the distributed computation for vertically partitioned data more
convenient because:
® The covariance C is not separable and generally the
approximation by local covariance matrices is not

accurate [23], e.g., C# ) ; CcU) = >0 gb(xl(j)) ®
o(x”)".

e K itself (linear kernels) or its main calculation part (RBF
kernels) is separable, e.g., a linear kernel K = 5 y KU

B. Distributed Algorithm for Kernel PCA

We first link the existing distributed algorithm for PCA in hor-
izontal regime [5] to that for KPCA in vertical regime and then
extend it to RBF kernels. The proposed algorithm could produce
a good estimation of the global optimum in one communication
round with privacy protection.

In the horizontal regime, the key property is the consistency
between the sum of local covariance matrices and the global
covariance matrix, i.e., C =} C;, whichresults in benefits for
both algorlthm demgn and theory analysis. Considering linear
KPCA in vertical regime is a dual problem of linear PCA in
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horizontal regime, we can easily transfer the algorithm in [5]
to that of KPCA. Mathematically, for linear kernels, ¢(x) =
ax,Va € R. We assume a = 1 without loss of generality and

then it holds that K = XX = 37 (x())Tx() = 7. KO,

Thus, the estimator K is calculated as follows.
K= Z KW — Z V X(]) )) )

However, in horizontal regime, the algorithm in [5] cannot be
extended to non-linear cases, limiting its application in practice.
Instead, in vertical regime, we can further extend this idea to
RBF kernels by noting the following property.

lI%p

— Xq”%
202

( E;f (xS () ng))2>
= exp

202
= exp (

1 1 J J
05 —x 2\ (=6 - xi”)?
202 *P 202
=KY(p,

q) ~K(2)(p,q) A

K (p,q) = K(xp %) = x (—

‘K (p,q),

where o is the kernel width. Using o to denote the Hadamard
(element-wise) product operator, we have K = K" 0 K o
.- o K. Therefore, once the eigenvectors of each local ker-
nel matrix are obtained, the whole kernel matrix K could be
approximated as the following way,

K—KDo...oKW

_ (VI oo (VIR VT). @)

Finally, we compute the first D eigenvectors of K denoted as V
and the projection matrix W = 3 i Vi¢(x;). Notice that for this
calculation, W is unknown but (W, ¢(y)) can be calculated by
kernel trick in a distributed system because x "y and ||x — y||%
is separable along features. The overall algorithm is summarized
in Algorithm 1.

Approximation Analysis: Here we present the approximation
analysis for DKPCA in both linear and RBF cases. Specifically,
we study the sin © distance between the eigenspaces spanned by
V and V, where V are the eigenvectors of the global gram kernel
matrix K, and V is the estimator calculated by DKPCA. sin ©
distance is well-defined and is widely used for measuring the
distance between two linear spaces [5], [24]. Let Q1,...,QD be
the singular values of V'V and define sin ©(V, V) as follows

O(V, V) = diag{cos ' (an),...,cos (ag)}
£ diag{6y,...,04}
sin O(V, V) = diag{sin(6,), ..., sin(d))}.

Then we have the following theorem for DKPCA.
Theorem 1: Let V € RT*P be the leading D eigenvectors of
the global kernel matrix K € R7*7 that is derived by a kernel

function x, and V be its approximation computed by DKPCA.
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TABLE I
COMMUNICATION AND COMPUTATION COMPLEXITY OF THREE KINDS OF
ALGORITHMS FOR PCA

COMM. COMP.
DPCA [5] O(DM) O((T + DJ)M?)
DKPCA (Alg. 1) O(DT) O((M + DJ)T?)
KPCA (EVD-based,[25]) | O(TM/J) | O(DT? + MT?)

If k is a linear kernel, then V, A% satisfy

JVT — Dmaxj()ngll)
Ap(K) —ap1(K)

Isin®(V, V)|r <

If x is a RBF kernel, then V, Vv satisfy

. J\/Tmaxj(kg) 1)
sin®(V,V)||r < 1
| ( NF < K)o (K)

See supplemental materials for the proof of Theorem 1. The-
orem 1 indicates that the approximation error is related with
J, T, D,and A. If A decay fast, which is common for RBF kernels,
then DKPCA will have very high-quality results.

Remark 1: Theorem 1 relies on the large gap between A p (K)
and A p1(K) due to the use of the Davis-Kahan Theorem [24].
Thus the error is unbounded if the gap is nearly zero. Note
that such a gap is an inherent attribute of data that cannot be
controlled. Hence, when applying DKPCA in practice, we must
carefully choose D such that the gap is large, i.e., we should
avoid dealing with the repeated eigenvalues.

Communication and Computation cost: Algorithm 1 is quite
efficient with only one communication round. To analyze quan-
titatively, we restrict our discussion to an evenly and homoge-
neously distributed situation, i.e., the local feature dimension
is O(M/.J) and there is no statistical difference among agents.
The discussion on other cases is similar but is more complicated
in form. We summarize communication and computation com-
plexity of Algorithm 1 (DKPCA), distributed PCA (DPCA) [5]
and central KPCA in Table I. Here the computational com-
plexity of eigenvalue decomposition (EVD) is considered to be
O(DT? + MT?) [25], where the leading D eigenvectors are
obtained from data X € RM*T Compared with central algo-
rithms, where additional communication and fusion are required,
DKPCA sacrifices computation efficiency for communication
efficiency. To pursue high communication efficiency, we prefer
a small D, e.g., when D is much smaller than A//J, Then,
DKPCA will have significant advantages over central algorithms
on communication cost and the computation cost is O(MT?),
the same as central algorithms.

Self-adaptive strategy for data maldistribution: Hereinbefore,
we simply set equal D) for all agents in DKPCA, which,
however, may not work well for the case of data maldistribution.
Theorem 1 shows that for given J, T, D', the error is related

to § and maxjkgl_l. To reduce the approximate error, small

A(Djzrl is preferred. Thus, local agents that have larger eigenvalues
(which means they hold more information) need to send more
eigenvectors. On the other side, in some agents, the eigenvalues
decay fast so that the D-th one is almost 0. Then sending D
eigenvectors is redundant.

'In fact, J, T, § are the inherent attribute of data that we cannot change. We
will show the different performance of DKPCA for data with different J,T" in
section III.
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Fig.2. Thelog of the mean error with respect to the number of local agents. (a)
Simulation data and linear kernels with M/ = 1000, D = 10 and T" = 400. (b)

Real dataand RBF kernels (0 = YA ) with M = 8545, D = 10and T = 537.

Therefore, we consider the following self-adaptive strategy
for the selection of D) such that each agent can decide the
number of the eigenvectors sent to the center according to their
local eigenvalues AU):

DY) = min{mjjin{AD+1(K(j)) <€}, T}, (4)
where ¢ is a positive threshold value. Note that the decays of
A; are generally assumed to be polynomial or exponential [26],
ie. A; = O(i%) or A; = O(e~""). Then the D given by (4) is
Q((f)%) or Q(—% log(£)), where c is some constant.

III. EXPERIMENTS

The performance of DKPCA is evaluated here by three exper-
iments, where both simulation and real data are used for linear
cases and non-linear cases, respectively. Details of simulation
data generation are in supplemental materials. Real data used
in our experiments include the gene expression of different
drugs and toxicants on rats [27], which is collected on cRNA
microarray chips and is available at the NIH GEO, under ac-
cession number GSE2187. The size of total data is 8565 x 537,
corresponding to four categories: fibrates (107 samples), statins
(93 samples), azoles (156 samples), and toxicants (181 samples).
The features are removed if more than 10% of the samples have
their values missing. The rest missing values are filled with mean
values.

The leading D eigenvectors V; € RP*T calculated by per-
forming the SVD algorithm on the whole underlying kernel
matrix are regarded as the ground truth. We use sin © dis-
tance to evaluate the error of the estimator V e RP*T e,
Error = D — ||V, V||%. All the simulations are repeated 50
times and are done with Matlab R2016b in Core i5-7300HQ
2.50 GHz 8 GB RAM. The codes of DKPCA and experiments
are available in https://github.com/hefansjtu/DKPCA.

Relationship between Estimation Error and the Number of
Local Agents: In this experiment, we vary the number of local
agents to see how it affects the estimation error. The result is
reported in Fig. 2, where (a) linear kernels with A/ = 1000 and

T = 400 and (b) RBF kernels with o = Y2 M = 8545 and
T = 537 are considered. The data are uniformly partitioned and
the target is to estimate the first D = 10 eigenvectors of the
global kernel matrix K.

Fig. 2 shows that overall the estimation error is small. For
different numbers of local agents, the estimation error is similar
except the extreme cases: there is only one agent or each agent
transmits all the data. This phenomenon can be explained by
Theorem 1, which indicates that the error bound has a positive
correlation to the number of local agents J and the D-th local
eigenvalues. It should be noted that the information in local
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Fig.3. The log of the mean error and the total number of local eigenvectors that

transmitted to the center with respect to the number of samples. (a-b) Simulation

data and the linear kernel are used, where M = 1000, D = 10 and J = 10. (c-d) Real data and the RBF kernel are used with o = @, M = 8545, D =10

and J = 60.

TABLE II
CLASSIFY ERROR RATE ON GSE2187 DATASET USING L-SVM WIiTH DKPCA, KPCA AND PCA

Number of Features 1 5 10 20 50 100 200
Toxicant | DKPCA | 0.367540.0383 | 0.0323+0.0218 | 0.016440.0128 | 0.015040.0118 | 0.0148+0.0111 | 0.014540.0110 | 0.0148+0.0115
vs KPCA 0.3675+0.0383 | 0.0259£0.0151 | 0.0173£0.0124 | 0.0148F0.0111 | 0.0150£0.0111 | 0.0145F0.0110 | 0.0148F0.0115
Fibrate PCA 0.5048+£0.0932 [ 0.2009+£0.1121 | 0.0352£0.0517 | 0.0259F£0.0551 [ 0.0277£0.0702 | 0.0264F£0.0587 | 0.0243+£0.0562
Toxicant | DKPCA | 0.479040.0410 | 0.3966+0.0305 | 0.277840.0361 | 0.190740.0376 | 0.1416+0.0331 | 0.109940.0283 | 0.0969+0.0259
vs KPCA 0.488940.0350 | 0.3912+0.0341 | 0.2778+0.0379 | 0.1844+0.0341 | 0.1391£0.0325 | 0.11024+0.0283 | 0.0969+0.0259
Azole PCA 0.5019£0.0616 | 0.5124F0.0415 | 0.4655+£0.0620 | 0.3781F£0.0782 | 0.2207F£0.1309 | 0.1982F0.1502 | 0.2134F0.1671
Toxicant | DKPCA | 0.334140.0148 | 0.3326+0.0202 | 0.247740.0209 | 0.2004+0.0231 | 0.1499+0.0197 | 0.14284+0.0169 | 0.1410£0.0172
vs KPCA 0.33414£0.0148 | 0.3284£0.0267 | 0.2420+0.0229 | 0.1973£0.0207 | 0.1488+0.0190 | 0.1430+0.0176 | 0.1410£0.0172
Others PCA 0.4578+£0.1367 | 0.4928£0.0992 | 0.4129+0.0763 | 0.352610.0888 | 0.2045£0.1324 | 0.19531+0.1613 | 0.2077X£0.1584

decreases when .J increases, which further leads to the decay
of local eigenvalues. Thus, even when the number of local
agents increases, the accuracy could be maintained at a high
level.

Self-adaptive Strategy for Data Maldistribution: The error
of DKPCA and DKPCA with self-adaptive strategy (DKPCA-
Adap) are reported in Fig. 3 with linear and RBF kernels.
The target is to recover the first D = 10 eigenvectors in data
maldistribution cases, where the local feature dimensions are
randomly generated. The result of DKPCA with fixed DY) = C
is denoted as DKPCA-C'. e in DKPCA-Adap is set as 0.04A; for
linear cases and 0.0005X for non-linear cases, where A1 denotes
the largest eigenvalue in local. Different 7" are also considered
to see how the accuracy changes.

Fig. 3 demonstrates the relationship between the sample
size and (a) the estimation error (b) the total communication
cost y. i DU)_ Intuitively, the performance of DKPCA-5 is
worst because it requires the least communication, and thus
DKPCA-15 is the best. The DKPCA-Adap achieves simi-
lar accuracy as the DKPCA-15 but requires much less com-
munication, showing the effectiveness of the self-adaptive
strategy.

Interestingly, the tendency of communication cost w.r.t. 7" are
different in Fig. 3, which increases in linear cases but decreases
in RBF cases. The main reason is the rank of data. The simulation
data is low-rank and thus adding new samples brings little new
information. Therefore, the increase of sample size forces all the
eigenvalues to grow uniformly, leading to the increase of D)
and thus the high communication cost. But the high-dimension
real data is small-size, adding new data causes the increase
of principal eigenvalue (more than other eigenvalues), leading
to the decrease of the communication cost. In conclusion, this
strategy is more suitable for small distributed datasets with high
dimensions.

Comparison between distributed and full sample KPCA in
real classification tasks: The aim of PCA is to keep useful

Authorized licensed use limited to: Shanghai Jiaotong University. Downloaded

information during data projection. Here we consider 3 two-
class classification tasks to show that DKPCA can preserve
similar information as KPCA. That is, the same post-learning
algorithm can achieve similar performance on the two projected
data produced by DKPCA and KPCA. We first map data into
a low-dimension feature space by DKPCA, the central kernel
algorithm (KPCA) with RBF kernels with o = 50, and the
central linear algorithm (PCA), for which the corresponding
eigenproblems are all solved by SVD. The feature dimension
of the projected data changes from 1 to 200. The projected data
are then sent to a linear support vector machine (L-SVM). We
randomly choose 200 data as the training set and use the rest for
the test.

The average classification error and its standard deviation over
50 trials are reported in Table II. As the feature dimension of
the projected data increases, the classification error rates of all
methods decrease. KPCA is based on full data and is expected to
be better than the proposed DKPCA. But from Table II, one could
observe that the difference is slight. In KPCA and DKPCA, the
RBF kernel is applied and thus achieves less classification error
than PCA, although the PCA is conducted on full data. Notice
that before the proposed DKPCA, no distributed PCA algorithm
can apply nonlinear kernels in vertical regime.

IV. CONCLUSION

This letter introduced a one-shot privacy-preserving algo-
rithm, DKPCA, for distributed kernel PCA in vertical regime.
The main technique is the kernel trick, by which the vertical
regime and horizontal regime are linked up and nonlinear di-
mension reduction could be implemented with RBF kernels. We
presented the approximation analysis and experiments result of
DKPCA, which coincides with the theoretical result and demon-
strate that DKPCA is effective to extract non-linear features and
is communication efficient.
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